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Fracture mechanicsAbstract The metal forming and joining industries are constantly evolving to adapt to new
materials and alloys and to meet customers’ needs. However, the size of the companies in this
segment is typically small. Therefore, the progress of the mesomechanical modeling on non-
homogeneous materials is relatively slow. This article aims to contribute to the advancement of such
computational idea. The industries and academics alike may beneﬁt the mesomechanical aspects of
computational modeling for materials joined by forming using the established theories known in the
ﬁeld of mechanics. It may be used as an introductory for the society of joining by forming. This
article reviews the basic concept of the ﬁnite element method, the fundamental mechanics and
highlights some common problems in joining by forming, namely contact problems, local variations
and interfacial cracking. This article aims to disseminate the meso/micro-mechanics approach to the
ﬁeld of joining by forming, which currently is dominated by experimental works and macroscopic
modeling. Using the simple approaches discussed in this article, researchers with little or no
background in computational mechanics can implement the concepts.
ª 2014 Production and hosting by Elsevier B.V. on behalf of King Saud University. This is an open access
article under the CC BY-NC-ND license (http://creativecommons.org/licenses/by-nc-nd/3.0/).1. Introduction
Joining by forming includes all processes where parts being
joined or involved in the joining are formed locally, sometimesalso completely. The deformation forces may be generated
mechanically, electromagnetically or by other un-common
ways (e.g., Alves et al., 2011; Kopp et al., 2002; ichiro Mori
et al., 2013; Alves and Martins, 2013). One of their economic
advantages is in the joinability of different materials with
variation of mechanical properties (Dilthey and Stein, 2006).
Difﬁculties arise when calculating theoretical values such as
the required force and work for the processing, or cracking
problems during/after processing due to the complex changes
in the states of material or connections. For this reason, its
development has been shaped and dominated by experimental
research. Simulation and computational approaches are
merely using the standard commercial codes that focus on
Figure 1 Simple equation cannot be implemented in a compli-
cated structure, but it can be implemented in individual elements.
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Zalazinsky, 1998).
In this technical article, the computational aspects of the
joining by forming is discussed. Aspects on the contact, local
variation and interlayer cracking are the main topics. The
manuscript is prepared in a format that even the readers not
having extensive knowledge in mathematics can understand;
less emphasis on theoretical proofs and more attention to
physical ideas. Treatment of heterogeneous materials is also
highlighted with the presentation of simple mathematics that
can be implemented using commercial softwares. While the
deﬁnition of meso scale is broader than micro scale, (or larger
than micro scale), here ‘‘the commonly known’’ solid mechan-
ics deﬁnition is used. Mesomechanics of materials considers
the effect of microstructures on the materials’ properties, seek-
ing to bridge the gap between micro- and macro-scale models
of materials. Mesomechanics represents an approach to assess-
ing existing and improving new materials, based on the anal-
ysis of interrelations between macroscale properties of
materials, microscale physical mechanisms of deformation
and damage, and the interaction effects between many micro-
structural elements.
2. The basic of the computational approach
Among other available methods, ﬁnite element method is the
most widely used and therefore selected in this technical arti-
cle. The ﬁnite element method (FEM) or the ﬁnite element
analysis (FEA) is basically a discretization technique in
mechanics. The basic concept in the physical interpretation
of the FEM is the subdivision of the mathematical model into
disjoint, non-overlapping, components of simple geometry,
called elements. The response of each element is expressed in
terms of a ﬁnite number of degrees of freedom characterized
as the value of unknown functions at a set of nodal points.
The response of the mathematical model is then considered
to be approximated by that of the discrete model obtained
by assembling the collection of all elements. In simple terms,
FEM is a method for dividing up a complicated problem into
small elements that can be solved in relation to each other. It is
a special case of the Galerkin’s method with polynomial
approximation functions. The solution approach is based on
eliminating the spatial derivatives from the partial differential
equation (PDE) (Zienkiewicz and Taylor, 2000; Prawoto,
2009; Reddy, 1984; Huebner, 1975).
A simple linear equation such as F ¼ kx is not valid on a
large scale for a part with complex geometry but they can be
valid for a small region of material within the complex part.
However, if a complex physical object is broken down into
ﬁnite number of small elements for which simple equations
can be solved with acceptable accuracy. One can then recon-
nects elements at nodes as if nodes were pins or drops of glue
that hold elements together. This enables transferring solutions
from one element to the next to allow successive computation.
This process results in a set of simultaneous algebraic equa-
tions and leads to a meaningful solution for the entire complex
object, see Fig. 1. The displacement analysis
fFg ¼ ½Kfxg ð1Þ
with nodal displacements determined by element stretching
was followed by load and stress calculations for the elementsbased on the nodal displacements and the material properties.
Because FEM is a discretization method, the number of DOF
of an FEM model is necessarily ﬁnite. They are collected in a
column vector called u. This vector is usually called the DOF
vector or state vector. As a rule of thumb, the number of equa-
tions needs to be solved is:
Number of equations ¼Number of DOF  Number of nodes
Number of boundary conditions

ð2Þ
The method requires the solution of large systems of simul-
taneous equations, and therefore high-speed computer is
needed. The typical steps in performing FEM using commer-
cial codes are:
 divide structure into elements ! meshing using pre-proces-
sor, such as Mentat, or Abaqus/Ansys, pre-processor
 connect the elements at the nodes to form an approximate
system of equations for the whole structure! forming ele-
ment matrices,
 solve the system of equations involving unknown quantities
at the nodal displacements ! using solver such as Abaqus
or Ansys,
 calculate the desired quantities at selected elements! using
post-processor, such as Mentat, or Abaqus/Ansys post-
processor.
In principle, the way FEM obtains the desired unknown
parameters (e.g., stress) in the ﬁnite element model are by min-
imizing an energy function. An energy function consists of all
the energies associated with the particular ﬁnite element
model. Based on the law of conservation of energy, the ﬁnite
element energy function must equal to zero. The ﬁnite element
method obtains the solution for any ﬁnite element model by
minimizing the energy function. The minimum of the function
is found by setting the derivative of the function with respect to
the unknown grid point potential for zero. Thus, the basic
equation for ﬁnite element analysis is
@F
@u
¼ 0 ð3Þ
42 Y. Prawotowhere F is the energy function and u is the displacement to be
calculated. Based on energy and virtual work, stresses are
related to strains, which are eventually related to displacement.
This leads to the requirement of solution of second order par-
tial differential equations, exact solutions. Such exact solutions
are available for simple geometries but it is almost impossible
for complex geometries. Potential energy concept comes in
handy here. The potential energy is:
P ¼ Strain energyþWork potential ¼ UþW ð4Þ2.1. Elastic case
For linear elastic body, the unit volume strain energy is 1
2
rTe.
Therefore, the total is:
U ¼
Z
X
1
2
rTedV ð5Þ
The work potential is:
W ¼  1
2
Z
X
uTfdV
Z
C
uTTdS
X
i
uTi Pi ð6Þ
Therefore, the total potential is:
P ¼
Z
X
1
2
rTedV 1
2
Z
X
uTfdV
Z
C
uTTdS
X
i
uTi Pi ð7Þ
To illustrate the idea, consider this example with 3 DOFs
(Fig. 2). The extensions of the springs are d1; d2 and d3, and
the q1; q2 and q3 are the displacement of nodes 1, 2 and 3. Con-
centrating on each node, we obtain:
from node 1! k1d1 ¼ F1
from node 2! k2d2  k1d1  k3d3 ¼ 0
from node 3! k3d3  k4d4 ¼ F3
9>=
>; ð8Þ
from the equilibrium equations of the system. Meanwhile
using the concept of potential energy the following can be
formulated.Figure 2 Simple spring and force system.P ¼ 1
2
k1d
2
1 þ
1
2
k2d
2
2 þ
1
2
k3d
2
3 þ
1
2
k4d
2
4  F1q1  F3q3 ð9Þ
Since
 d1 ¼ q1  q2,
 d2 ¼ q2,
 d3 ¼ q3  q2, and
 d4 ¼ q3.
Eq. (9) becomes
P ¼ 1
2
k1ðq1  q2Þ2 þ
1
2
k2q
2
2 þ
1
2
k3ðq3  q2Þ2 þ
1
2
k4q
2
3
 F1q1  F3q3 ð10Þ
With respect to the displacement q;P can be minimized:
@P
@q1
¼ k1ðq1  q2Þ  F1
@P
@q2
¼ k1ðq1  q2Þ þ k2q2 þ k3ðq3  q2Þ
@P
@q3
¼ k3ðq3  q2Þ  þk4q3  F3; or;
@P
@qi
¼ 0 for i ¼ 1; 2; 3
9>>>=
>>>;
ð11Þ
Expressed in the matrix form
k1 k1 0
k1 k1 þ k2 þ k3 k3
0 k3 k3 þ k4
2
664
3
775
q1
q2
q3
2
664
3
775 ¼
F1
0
F3
2
664
3
775 ð12Þ
which is Kq=F
2.2. Rayleigh–Ritz’s Method
Eq. (9) can be used to ﬁnd the approximate solution. Using a
polynomial function /i;/j;/k the displacements, u; v; w can be
written as:
u ¼P ai/iðx; y; zÞ; for i ¼ 1; 2; . . . ; l
v ¼P aj/jðx; y; zÞ; for j ¼ lþ 1; lþ 2; . . . ;m
w ¼P ai/iðx; y; zÞ; for k ¼ mþ 1;mþ 2; . . . ; n
9>=
>; ð13Þ
Therefore, if r is the number of independent unknown, the
potential energy is
P ¼ Pða1; a2; . . . arÞ ð14Þ
This leads to
@P
@ai
¼ 0 for i ¼ 1; 2; 3; . . . ; r iða1; a2; . . . arÞ ð15Þ2.3. Galerkin’s method
This method is also determining coefﬁcients in a power series
solution. It is usually presented as one of the weighted residual
methods. To illustrate easier, Fig. 3 is referred. For this partic-
ular problem, the governing equation is:
d
dy
EA
du
dy
 
¼ 0: ð16Þ
Now, consider operator L, where Lu ¼ P so that Eq. (16)
becomes:
Lu ¼ 0 ð17Þ
Figure 3 Column with a force at the center.
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L ¼ d
dy
EA
dðÞ
dy
 
ð18Þ
While the exact solution u satisﬁes every point in y, approx-
imate solution u does not. Therefore, to ﬁnd the approximate
solution, the following residual is introduced.
ðyÞ ¼ Lu P ð19Þ
The approximate methods can be obtained by using the
weight function Wi so that:Z
X
WiðLu PÞdV ¼ 0; for i ¼ 1; 2; 3; . . . ; n ð20Þ
Here, in Galerkin’s method Wi is chosen to construct
u ¼
Xn
i¼1
QiGi ð21Þ
where Gi is polynomial basis function. / can be chosen to sat-
isfy the boundary condition of u where prescribed. The solu-
tion of the resulting equation Q is therefore the approximate
solution of u. It can be expressed in the form of:Z
X
@rxx
@x
þ@rxy
@y
þ@rxz
@y
þ fx
 
/xþ
@rxy
@x
þ@ryy
@y
þ@ryz
@y
þ fy
 
/y

þ @rxz
@x
þ@ryz
@y
þ@rzz
@y
þ fy
 
/z

dV¼ 0 ð22Þ
Based on the divergence (Green–Gauss) theory and inte-
grating Eq. (22), and re-arranging it one can obtain the weak
form:Z
X
rTð/ÞdV
Z
/TfdV
Z
C
/TTdS
X
i
/TP ¼ 0 ð23Þ
This is called Galerkin’s variational form for stress analysis.
To apply this into our simple system described in Fig. 3, recall
once again the equilibrium equation (Eq. (16)):
d
dy
EA
du
dy
 
¼ 0  B:C u ¼ 0 at y ¼ 0
u ¼ 0 at y ¼ 2
 
ð24Þ
multiplication of this equation by / and integration by parts,
we get
Z 2
0
EAdu
dy
d/
dy
dyþ /EAdu
dy

1
0
þ /EAdu
dy

2
1
¼ 0 ð25ÞThe boundary condition is /=0 at y ¼ 0 and at y ¼ 2.
EA du
dy
is the extension of the column, which is 2 units at y= 1.
Z 2
0
EAdu
dy
d/
dy
dyþ 2/ ¼ 0 ð26Þ
Polynomial function to satisfy this can be established:
u ¼ a1 þ a2yþ a3y2 ð27Þ
u ¼ 0 at y ¼ 0 and u ¼ 0 at y ¼ 2. Therefore, a1 ¼ 0 and
2a2 þ 4a3 ¼ 0.
This leads to
a2 ¼ 2a3 ð28Þ
and
u ¼ a3ð2yþ y2Þ and u1 ¼ a3 ð29Þ
Using this polynomial for u and /. u1 and /1 are the same
values at y ¼ 1. Therefore,
u ¼ ð2y y2Þu1
/ ¼ ð2y y2Þ/1
ð30Þ
E = 1 unit, and A = 1 unit, makes
/1 u1
Z 2
0
ð2 2yÞ2dyþ 2
 
¼ 0
/1 
8
3
u1 þ 2
 
¼ 0
ð31Þ
This has to be satisﬁed for every /1. Therefore,
u1 ¼ 0:75 ð32Þ
Eq. (32) was obtained by using Galerkin’s principle. The
same problem is to be solved here using Rayleigh–Ritz’s
method. The potential energy P can be formulated to:
P ¼ 1
2
Z L
0
EA
du
dy
 2
dy 2u1 ð33Þ
where u1 ¼ uðy ¼ 1Þ. The same polynomial function (Eq. (27))
can be obtained
du
dx
¼ 2a3ð1þ yÞ ð34Þ
Therefore,
P ¼ 1
2
Z 2
0
4a23ð1þ yÞ2dy 2ða3Þ
¼ 2a23
Z 2
0
ð1 2yþ y2Þ2dyþ 2a3 ¼ 4
3
a23 þ 2a3 ð35Þ
Setting
@P
@a3
¼ 8
3
a3 þ 2 ¼ 0 ð36Þ
results in:
a3 ¼  6
8
¼ 0:75 and ! u1 ¼ a3 ¼ 0:75 ð37Þ
which is the same with Eq. (32).
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The basic difference of a plasticity analysis compared to an
elastic one, is that stress increments due to an increment of
load can no longer be calculated directly as in the elastic anal-
ysis. In a displacement driven type of analysis, stress incre-
ments must be calculated in taking into account the yield
function and the ﬂow rule of plasticity after having solved
for displacement increments.
The simplest example is that of the differential equation of
equilibrium in solid mechanics is
rij;j þ fi ¼ 0 ð38Þ
or usually written in the matrix form as
DTrv þ f ¼ 0 ð39Þ
in which rv or rij is a component of stress tensor, f or fi is a
component of body forces. The principle here is the applica-
tion of a variational method, or weak formulation and domain
discretization. Within the sub-domain, Xe of each element,
shape functions are deﬁned. For example, the following bilin-
ear functions of interpolation may be deﬁned.
W1 ¼ 1
4
ð1 nÞð1 gÞ
W2 ¼ 1
4
ð1þ nÞð1 gÞ
W3 ¼ 1
4
ð1þ nÞð1þ gÞ
W4 ¼ 1
4
ð1 nÞð1þ gÞ
ð40Þ
In each sub-domain, with respect to kth, node of each ele-
ment, shape function of Wk isZ
Xe
Wkðrij;j þ fiÞdX ¼ 0 ð41Þ
With the divergence theorem, the above equation becomes:

Z
Xe
Wk;jrijdXþ
Z
Ce
WkrijnjdCþ
Z
Xe
WkfidX ¼ 0 ð42Þ
Recall that rijnj ¼ ti. Therefore, Eq. (42) becomesZ
Xe
Wk;jrijdX ¼
Z
Xe
WkfidXþ
Z
Ce
WktidC ð43Þ
orZ
Xe
BTrdX ¼
Z
Xe
WTfdXþ
Z
Ce
WTtdC ð44Þ
Recall that stresses are no more in a linear relationship with
displacements when the plasticity occurs and the above equa-
tions turn to be nonlinear in terms of displacements. To solve
such nonlinear equations, one can apply Newton Raphson’s
algorithm. This leads to the following equation in function
of increments of nodal displacements and of external loads.
K ¼
Z
X
BTCepBdX ð45Þ
where the Cep is to follow the ﬂow rule f, which can be as
simple asCep ¼ C C
@f
@r
@f
@r
T
C
@f
@r
T
C @f
@r
ð46Þ
and
C¼ Eð1þ mÞð12mÞ
1 m m m 0 0 0
m 1 m m 0 0 0
m m 1 m 0 0 0
0 0 0 12m
2
0 0
0 0 0 0 12m
2
0
0 0 0 0 0 12m
2
2
66666664
3
77777775
11
22
33
223
231
212
2
66666664
3
77777775
ð47Þ
Above are the basic concepts of ﬁnite element methods for
both elastic and plastic that are convenient to use in joining by
forming.
3. Modeling the contact and interfacial phenomena
Many physical systems in joining by forming require descrip-
tive mechanical interaction across interfaces to be successfully
analyzed. In the computational world, such mechanical inter-
action is typically called contact interaction, often requires
the determination of areas over which compressive stress must
act to prevent interpenetration of the entities. Depending on
the application, frictional, transient, thermo-mechanical, or
damage can be featured.
Commercially available ﬁnite element codes make a contact
analysis simple and straightforward. In terms of complexity,
industrial applications of contact analysis exceeds the aca-
demic research applications. In this article, two major con-
straints for contact problems are discussed, the
impenetrability and frictional constraints.
3.1. Impenetrability
In principle, two points cannot occupy the same location. Or,
no boundary point of the ﬁrst body may penetrate the other. If
the distance is deﬁned by d, the constraints can be expressed as:
d
ðiÞ
N P 0 ð48Þ
which essentially states that no penetration may occur at any
time. Further, the contact normal traction should be
compressive
t
ðiÞ
N 6 0 ð49Þ
If there is no contact, then no compressive tractions can
occur. Alternatively: if there are no compressive stresses, then
the distance must be positive. These conditions are known as
the Karush–Kuhn–Tucker conditions for optimality.
3.2. Friction
In the contact modeling, the interaction force consists of nor-
mal component, which prevents the objects from penetration
and tangential component, which is the frictional component.
Mathematically, the friction constraint can be expressed as:
viT þ nðiÞtiT P 0 ð50Þ
nðiÞ P 0 ð51Þ
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UðiÞ :¼ tiT  ltiN ð52Þ
The weak form of contact is obtained from the strong
formulation of contact by applying the principle of virtual
work. For a quasi-static case, the commonly used one is:
r  rðiÞ þ fðiÞ ¼ 0 ð53Þ
This follows
ðr  rðiÞ þ fðiÞÞ  wðiÞ ¼ 0 ð54Þ
where wðiÞ is the weight function. Integration over the whole
body renders:Z
x
ðr  rðiÞ þ fðiÞÞ  wðiÞdx ¼ 0 ð55Þ
Applying divergence theory, one can obtain:Z
x
ðrðiÞ : rwðiÞ  fðiÞ  wðiÞÞdx
Z
c
~tðiÞ  wðiÞdc

Z
c
ðrðiÞ  nðiÞÞ  wðiÞdc
Z
c
tðiÞ  wðiÞdc ¼ 0 ð56Þ
wðiÞ can be interpreted as either the virtual displacement duðiÞ
or virtual velocities dvðiÞ. It is usually expressed as:
GðiÞðuðiÞ;wðiÞÞ þ GðiÞc ðuðiÞ;wðiÞÞ ¼ 0 ð57Þ
where
GðiÞðuðiÞ;wðiÞÞ ¼
Z
x
ðrðiÞ : rwðiÞ  fðiÞ  wðiÞÞdx
Z
c
~tðiÞ  wðiÞdc
ð58Þ
or,
GðiÞc ðuðiÞ;wðiÞÞ ¼ 
Z
c
tðiÞ  wðiÞdc ð59Þ
due to
R
cðrðiÞ  nðiÞÞ  wðiÞdc term vanishes. To solve the contact
equations is to solve variational problem in Eq. (55). The ﬁrst
term in this equation can be computed using usual sense of
ﬁnite element method, while the second term consists the
contribution of contact. This second term can be interpreted
as:
Gcðu; duÞ ¼
Z
c
tNddNdcþ
Z
c
tT;adn
ð2Þadc ð60Þ
for virtual displacement, and
Gcðu; dvÞ ¼
Z
c
tNdvNdcþ
Z
c
tT;advdc ð61Þ
for virtual velocities.4. Modeling the local variation
The local variation is another consequence of joining by
forming. Among other approaches, homogenization concept
can be used due to its simplicity. Several introductory varia-
tions of the homogenization theory are available, the simple
one is presented here (Aizawa et al., 2002; Prawoto et al.,
2002; Prawoto and Aizawa, 2001). In this theory, the localconstitutive structure is thought to have a locally speciﬁed
periodic unit cell as shown in Fig. 4. Hence, every physical
variable ﬁeld on this material support can be expressed by
the combination of the averaged part with the local distur-
bance as depicted in part (b) of the ﬁgure. Assuming that
the periodicity, , should be sufﬁciently small, every physical
ﬁeld uðx; yÞ in total can be represented by the following
asymptotic expansion in :
uðx; yÞ ¼ u0ðxÞ þ u1ðx; yÞ þ 1
2
2u2ðx; yÞ þ    for y
 x= ð62Þ
or,
uðx; yÞ ’ u0ðxÞ þ u1ðx; yÞ ð63Þ
where fu0; u1g are functions for the averaged part and distur-
bance in the coordinates fx; yg, respectively.
Owing the periodicity of function u in the y-coordinates, the
following two equations are power tools for formulation:
@
@xi
uðx; yÞ ¼ @u
@xi
þ 1

@u
@yi
ð64Þ
and
lim
x!0
Z
V
uðx; yÞdV ¼
Z
V
1
j Y j
Z
Y
uðx; yÞdY
 
dV ð65Þ
where Y dearticles for a volume of unit cell. These two equa-
tions or similar forms of those two were mainly used for com-
putational approach in heterogeneous, composite, or auxetic
materials too. To use the principle in FEA to compute the elas-
tic modulus, recall the weak form of linear elasticity problem
ﬁnite element:Z
X
Eijkl
@uk
@xl
@vi
@xj
dX ¼
Z
X
bividXþ
Z
C
tividC ð66Þ
and, using the homogenization principle, we use x and y in
mesoscale coordinate (see Fig. 4),
uðx; yÞ ¼ u0ðxÞ þ u1ðx; yÞ þ 1
2
2u2ðx; yÞ þ   
for y  x= ð67Þ
and
vðx; yÞ ¼ v0ðxÞ þ v1ðx; yÞ þ 1
2
2v2ðx; yÞ þ   
for y  x= ð68Þ
or,
uðx; yÞ ’ u0ðxÞ þ u1ðx; yÞ ð69Þ
and
vðx; yÞ ’ v0ðxÞ þ v1ðx; yÞ ð70Þ
Meanwhile, the gradients of u and v are:
5 uðx; yÞ ¼ 5xu0ðxÞ þ 5xu1ðx; yÞ þ 5yu1ðx; yÞ
5 vðx; yÞ ¼ 5xv0ðxÞ þ 5xv1ðx; yÞ þ 5yv1ðx; yÞ
ð71Þ
Combine Eq. (66) with the above equations gives:
Figure 4 (a) A frame of multi-scaling in materials using the homogenization theory. (b) Local deviation in the ﬁeld variable to be
embedded into the rationally smoothed distribution (Aizawa et al., 2002).
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X
Eijkl
@u0k
@xl
þ @u
1
k
@yl
 
@v0i
@xj
þ @v
1
i
@yj
 !
dX
þ 
Z
X
Eijkl
@u1k
@xi
@v0i
@xj
þ @v
1
i
@yj
 !
þ @u
0
k
@xl
þ @u
1
k
@yl
 
@v1i
@xj
" #
dX
þ 2
Z
C
Eijkl
@u1k
@xl
@v1i
@xj
dX
¼
Z
X
biðv0i þ v1i ÞdXþ
Z
C
tiðv0i þ v1i ÞdC ð72Þ
when ! 0, it becomes:Z
X
Eijkl
@u0k
@xl
þ @u
1
k
@yl
 
@v0i
@xj
þ @v
1
i
@yj
 !
dXþ
¼
Z
X
biv
0
i dXþ
Z
C
tiv
0
i dC ð73Þ
can be separated to:
lim
x!0
Z
X
Eijkl
@u0k
@xl
þ @u
1
k
@yl
 
@v0i
@xj
 
dX
 
¼ lim
x!0
Z
X
biv
0
i dXþ
Z
C
tiv
0
i dC
 
ð74Þand
lim
x!0
Z
X
Eijkl
@u0k
@xi
þ @u
1
k
@yi
 
@v1i
@yj
dX ¼ 0 ð75Þ
Using our Eq. (72), we can rewrite into
lim
x!0
Z
X
Uðx; yÞdX ¼
Z
X
1
j Y j
Z
Y
Uðx; yÞdY
 
dX ð76Þ
Eqs. (74) and (75) eventually become:Z
X
1
j Y j
Z
Y
Eijkl
@u0k
@xl
þ @u
1
k
@yl
 
@v0i
@xj
 
dYdX
¼
Z
X
biv
0
i dXþ
Z
C
tiv
0
i dC ð77Þ
andZ
X
1
j Y j
Z
Y
Eijkl
@u0k
@xi
þ @u
1
k
@yi
 
@v1i
@yj
dYdX ¼ 0 ð78Þ
Introducing a separation of variables to satisfy this based
on linear elasticity,
u1i ðx; yÞ ¼ vpqi ðyÞ
@u0p
@xq
ðxÞ ð79Þ
Mesomechanical aspects of computational modeling 47where vklp is the microscale parameter. This can be obtained by
combining Eqs. (79) and (78):Z
X
1
j Y j
Z
Y
Eijkl  Eijpq @v
pq
i
@yj
 !
@v1i
@yj
dY
@u0k
@xl
¼ 0 ð80Þ
Therefore, our weak form becomes:Z
X
EHijkl
@u0k
@xl
 
@v0i
@xj
 
dX ¼
Z
X
biv
0
i dXþ
Z
C
tiv
0
i dC ð81Þ
where the homogenized tensor of elasticity is:
EHijkl ¼
1
j Y j
Z
Y
Eijkl  Eijpq
@vklp
@yq
 !
dY ð82Þ
Meanwhile, in linear elasticity, the relation between stress
and strain follows the Hooke’s law:
rij ¼ Eijkl : kl ð83Þ
where kl is strain and summation has been assumed over
repeated indices. Since the tensors here are symmetric,
EHijkl ¼ EHklij ¼ EHjikl ¼ EHijlk. Therefore, the relation also simpliﬁes
to:
r11
r22
r33
r23
r31
r12
2
666666664
3
777777775
¼
EH1111 E
H
1122 E
H
1133 E
H
1123 E
H
1131 E
H
1112
EH2211 E
H
2222 E
H
2233 E
H
2223 E
H
2231 E
H
2212
EH3311 E
H
3322 E
H
3333 E
H
3323 E
H
3331 E
H
3312
EH2311 E
H
2322 E
H
2333 E
H
2323 E
H
12331 E
H
2312
EH3111 E
H
3122 E
H
3133 E
H
3123 E
H
3131 E
H
3112
EH1211 E
H
1222 E
H
1233 E
H
1223 E
H
1231 E
H
1212
2
666666664
3
777777775
11
22
33
223
231
212
2
666666664
3
777777775
ð84Þ
This constitutive equation can be used for homogenization.
For the isotropic materials it takes the form of:
r11
r22
r33
r23
r31
r12
2
666666664
3
777777775
¼ Eð1þmÞð12mÞ
1m m m 0 0 0
m 1m m 0 0 0
m m 1 m 0 0 0
0 0 0 12m
2
0 0
0 0 0 0 12m
2
0
0 0 0 0 0 12m
2
2
666666664
3
777777775
11
22
33
223
231
212
2
666666664
3
777777775
ð85ÞFigure 5 A cracked body iThe homogenization concept is highly and easily useable in
materials science, local variation in joining by forming could
beneﬁt the concept. The concept can be implemented by com-
mercial codes easily. It is worth noting that although the exam-
ple here is limited on the mechanics, the concept can be applied
on almost any kind of ﬁelds.5. Modeling the interlayer cracking
To model interlayer cracking in joining by forming of
materials with two different characteristics, the weight func-
tion concept is selected. In fracture mechanics, the weight
functions (WFs) are mathematical representations which
can be used to efﬁciently calculate stress intensity factors
(SIFs) for various crack loading and boundary conditions.
Historically, the WF concept was developed before the era
of personal computer by Bueckner back in 1970 (Bueckner,
1970, 1989) and gained its peak popularity in the late 1990s
(Fett et al., 1997). Nowadays, only a few theoretical research
groups work on this theory, e.g., Stanford University
mechanics group (Mawatari and Nelson, 2011). The theory
relates the SIF at the tip of a crack in a body to an
arbitrary load at an arbitrary location analytically. Many
researchers working on fracture mechanics beneﬁted from
WF theory either directly or indirectly.
Here, the application of the WF principle in fracture
mechanics is brieﬂy described while a more detailed discussion
is availabe elsewhere (e.g., Prawoto, 2013). A WF exists for
any crack problem speciﬁed by the geometry of the component
and the crack type. If this function is known, the SIF can be
obtained by simply multiplying this function by the stress
distribution and integrating it along the crack length, Fig. 5.
A crack of length a in a body may be loaded by tractions T
acting normal to a curve C. The tractions are responsible for
a stress ﬁeld at the crack tip, which can be characterized by
an SIF, KT, where the superscript T refers to the loading
system. As Bueckner and Rice (Rice, 1972; Prawoto, 2011;
Bueckner, 1966, 1987, 1989) have suggested, one can write
KT ¼
Z
C
T mds ð86Þs loaded by a traction T.
Figure 6 The stress proﬁle along a virtual crack. Note that the
proﬁle is not an actual proﬁle.
48 Y. PrawotoTherefore, the WF depends only on m, which is essentially
independent of the stress state and depends only on the geom-
etry. While the vector description of m ¼ ðmy;mxÞT and
u ¼ ðuy; uxÞT, in practical experiment for Mode I, the following
simpliﬁcation can be used:
m ¼ ðmy;mxÞT ! my ! m
T! ry ! r
u ¼ ðuy; uxÞT ! uy ! v
8><
>: ð87Þ
Traditionally, the function m is in the form of (Fett et al.,
1997):
mðx;aÞ¼ m0ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
2pðaxÞp 1þm1 1
x
a
	 

þm2 1x
a
	 
2
þ þmn 1x
a
	 
n 
ð88ÞFigure 7 Integration of the concepts into computational model in j
homogenization and interlayer fracture.where x is the location and a is the crack length and mi are
parameters that depend on crack geometry. m is essentially
the vector of the WF, and is related to the displacement ﬁeld
u, under an arbitrary reference load by
m ¼ H
Kref
@u
@a
ð89Þ
with H  E for plane stress and E=ð1 m2Þ for plane strain.
Kref is the SIF for the chosen reference loading case. In most
practical cases involving Mode I, the stresses along the antici-
pated crack path are of interest, see Fig. 6.
Therefore, referring to Fig. 6, the distribution of the stress
perpendicular to the crack area in the uncracked component
along the location of the crack, r(x), the SIF is given by
K ¼
Z a
0
rðxÞ mða; xÞdx ð90Þ
Three widely used semi empirical solutions are those of
Todoroki–Newman, Wu–Carlsson and Fett–Munz (Todoroki
and Kobayashi, 1988; Wu and Carlsson, 1991). They can be
respectively in the form:
mðx; aÞ ¼ 2ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
2pðaxÞ
p 1þA1DþA2D2
ð1DÞ3=2
mðx; aÞ ¼ 1ﬃﬃﬃﬃﬃ
2pa
p
X4
i¼1
bi
a
W
   1 x
a
 i32
mðx; aÞ ¼
ﬃﬃﬃ
2
pa
q
1ﬃﬃﬃﬃﬃﬃﬃﬃﬃ
1x=a
p 1þ
Xi¼3;j¼4
i¼1;j¼1
Aijal
ð1aÞ3=2  1 xa
 jþ1" #
8>>>>>><
>>>>>>:
ð91Þ
Eq. (90) can be implemented either separately or integrated
within the computational model.oining by forming with considerations of contact, local variation
Mesomechanical aspects of computational modeling 496. Concluding remarks
Computational aspects of joining by forming are brieﬂy dis-
cussed. The basic theory of the ﬁnite element is also discussed
with the emphasis on the physical idea and not on the theoret-
ical proofs of it. Sections on the main areas pertaining to join-
ing by forming, namely elastic, plastic, contact, local variation
and interfacial problem and interlayer cracking were discussed
in detail. Fig. 7 illustrates how the concepts can be integrated
into a model. The model simulates joining by forming problem
that can beneﬁt the concept of meso/micro-mechanics
approach. The concepts highlighted in this article can be
implemented to the model either by creating the source code
or utilizing the commercial codes. Furthermore, nowadays
almost all commercial softwares are equipped with the capabil-
ity of sub-modeling, where the local model such as the one
shown in Fig. 7 can be easily embedded as a local model while
the existing model is treated as a global model. Taking advan-
tages of such developments would certainly be beneﬁcial for
the society of joining by forming.
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